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The idea that quantum gravity effects might “leak” outside the horizon of a black hole has recently
been intensively considered. In this study, we calculate the quasinormal modes as a function of the
location and amplitude of a generic metric perturbation distorting to the Schwarzschild spacetime.
We conclude on the possible observability of quantum metric corrections by current and future
gravitational wave experiments.
INTRODUCTION
Naively, quantum gravity is expected to show up at
very small physical scales, around the Planck length (see
[1] for a recent review of the phenomenology of quantum
gravity). This is indeed where predictions become
precise and might lead to a clear discrimination between
models. In the black hole (BH) sector, it has therefore
been widely believed that quantum gravity effects are
confined to the vicinity of the central singularity. This
is clearly the most conservative and natural hypothesis.
In such a case, quantum modifications to the spacetime
structure are screened by the event horizon and the
external observer is not expected to notice any measur-
able effect, at least for macroscopic black holes. In this
article, we focus on a different perspective, namely the
possibility that quantum corrections to the metric “leak”
outside the horizon, even for stellar or supermassive
BHs. This is obviously motivated by phenomenological
reasons. There are, however, quite good physical moti-
vations to consider quantum gravity effects well beyond
the vicinity of the singularity. Studying their impact, in
a very simple model, on the ringdown phase of BHs is
the purpose of this study.
It has recently been argued in [2] and [3] that the
observation of black holes with the Event Horizon Tele-
scope might reveal quantum gravity effects. Consistency
between general relativity (GR) and quantum mechanics
(QM) might require quantum effects at very large
scale. Interestingly, the authors suggest that the time
dependence of the shape and size of the shadow that a
black hole casts on its surrounding emission might be
seen around the BH at the center of the M87 galaxy
(which has recently been effectively observed [4, 5]).
On the extreme other side, in the firewall proposal,
the usual geometry might break down a Planck length
away from the horizon [6, 7]. Many other possibilities
with strong metric modifications outside the horizon
(or what replaces it) have been considered: gravastars
[8], fuzzballs where string theory configurations replace
the smooth manifold outside the horizon [9], or massive
remnants [10]. The study of maximally entangled
states of black holes has even shed a new light on the
possibility of more drastic geometric effects far away
from the horizon [11]. To give a final example, bouncing
black holes – with quite different time-scales – are also
intensively considered [12, 13].
In this article, we focus on a different approach which is
based on heuristic considerations [14]. This is to be con-
sidered as a toy-model or a kind of “prototype” of what
could be expected in optimistic quantum gravity scenarii.
Our aim is to calculate the displacement of quasinormal
modes and quantify the amplitude of the metric modi-
fication that would be required for an experimental de-
tection. This might be used beyond this specific model.
Focusing only on non-rotating BHs we do not search for
accurate results, that would be meaningless at this stage,
but just try to estimate the orders of magnitude for fu-
ture studies. In the next section we briefly explain the
method used to evaluate the frequency and amplitude of
the ringing modes of BHs. Then, we explain the model
used and explicitly show our results.
QUASINORMAL MODES
Quasinormal modes (QNMs) are the decaying modes
of black holes. As BHs are vacuum solutions of the
Einstein field equation, QNMs can be regarded as
the intrinsic vibrationnal and damping properties of
spacetime itself. After a BH has been perturbed, three
phases can be distinguished: the transient event, the
quasinormal mode ringdown, and the damped tail.
The ringdown phase of a BH does not lead to precisely
“normal” modes because the system looses energy
through gravitational waves. The wave equation for the
metric perturbation is unusual because of its boundary
conditions: the wave should be purely outgoing at infin-
ity and purely ingoing at the BH horizon. The radial
part of the oscillation can be written (see [15] for an in-
tuitive introductory review) as φ ∝ e−iωt = e−i(ωR+iωI)t
where the complex pulsation ω decomposes in a real
part ωR and an imaginary part ωI , which is the inverse
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2timescale of the damping. The process is stable only
when ωI < 0. Technically, the calculation of QNMs is
quite reminiscent of the one of greybody factors (see,
e.g., [16] for a recent derivation with a quantum-gravity
modified metric) which describes the scattering of
quantum fields in a BH background.
The perturbations of the Schwarzschild metric are of
two different types. One is called “axial”, it gives small
values to the metric coefficients that were zero, inducing
a frame dragging and rotation of the black hole. The
other is called “polar” and gives small increments to the
already non-zero metric coefficients. They are governed
by two different equations. Perturbations with the axial
parity are given by the Regge-Wheeler equation with the
potential
V RG` (r) =
(
1− 2M
r
)[
`(`+ 1)
r2
− 6M
r3
]
, (1)
while perturbations with the polar parity are given by
the Zerilli equation with potential
V Z` (r) =
2
r3
(
1− 2m
r
)
×
× 9M
3 + 3a2Mr2 + a2(1 + a)r3 + 9M2ar
(3M + ar)2
, (2)
where a = `(` + 1)/2 − 1. For gravitational perturba-
tions, one needs ` ≥ 2. Importantly, those equations
have the same spectrum of quasinormal modes. This
isospectrality property [17] is not always true in modified
gravity (those considerations are well beyond the scope
of this article and will be studied in another paper [18]).
Quasinomal modes are characterized by their overtone
number n and their multipole number `. For example,
the fundamental quadrupolar mode (n = 0 and ` = 2)
for a Schwarzschild BH is given by Mω ≈ 0.374−0.0890i.
The calculation of quasinormal modes is nearly an art
in itself (see [19, 20] for historical reviews and [21, 22] for
an example of more recent results based on numerical
approaches). In this study, we use a WKB approach
described in [23] for D-dimensional BHs. The WKB
method for QNMs was first introduced in [24–27] and
has then be widely developed. The WKB formalism
is very useful to obtain good approximations without
having to rely on heavy numerical techniques. The
higher the multipole number and the lower the overtone,
the better the accuracy. We restrict ourselves to n < l
as the approximations otherwise break down. Details on
the validity of the WKB approximation can be found in
[24] but, in any case, it requires the multipole number to
be smaller than (or equal to, if the accuracy requirement
is relaxed) the overtone number, otherwise the basic
condition |k′|  k2 (where k2 is the potential of the
considered effective Schro¨dinger equation) does not hold.
In order to have a good numerical accuracy, we have
used the 6th order WKB method developed by Kono-
plya. It is presented in details in [23] (see also [28]).
This allows one to recast the potential appearing in the
effective Schro¨dinger equation (d
2Ψ
dx2 = k(x)Ψ(x)) felt by
gravitational perturbations in the form
ik0√
2k′′0
− Λ2 − Λ3 − Λ4 − Λ5 − Λ6 = n+ 1
2
, (3)
where the terms Λi are complicated – but known – ex-
pressions given in [23] whereas k0 stands for the maxi-
mum of the potential and the derivative is to be under-
stood with respect to the tortoise coordinate r∗ (defined
by dr∗ = dr/f where f is the metric function).
THE MODEL AND ITS CONSEQUENCES
We now focus on the toy model developed in [14]. The
idea is very simple. The curvature scale is of the or-
der of lR ∼ R−1/2, where the the Kretschmann scalar
is R2 := RµνρλRµνρλ. If one estimates the intensity of
quantum gravitational effects through the ratio of Planck
length over the curvature scale, the result is vanishingly
small for stellar or supermassive BHs. This vision how-
ever disregards possible cumulative effects (also consid-
ered in [29–32]). Dimensional arguments lead to the con-
clusion that the “quantumness” of spacetime, integrated
over a proper time τ , might be given by q = lP R τ . As
the proper time is related to the Schwarzschild time by
τ =
√
1− 2M
r
t, (4)
one is led to
q(r) =
M
r3
(
1− 2M
r
) 1
2
t. (5)
Throughout all this study, we use Planck units. The
maximum of this function is reached for r = 2M
(
1 + 16
)
and this is therefore where quantum gravity effects could
be expected to be intense.
The arguments previously given are obviously purely
heuristic and should be considered as a rough indica-
tion of what might happen when time-integrated quan-
tum corrections are optimistically considered. To remain
quite generic, we parametrize a possible metric modifica-
tion outside the horizon by a simple Gaussian function:
ds2 = −f(r)dt2 + f−1(r)dr2 − r2dΩ2, (6)
3FIG. 1. Quasinormal mode complex frequencies for
different multipolar orders (from ` = 2 to ` = 7 from the
left to the right) and for different overtone numbers n
(increasing from the lower points to the upper points).
The black dots on the left correspond to the usual
Schwarzschild case and the bleue dots on the right
correspond to the modified metric with µ/M = 2.3 and
σ/M = 1.5
with
f(r) =
(
1− 2M
r
)(
1 +Ae−
(r−µ)2
2σ2
)2
. (7)
This Gaussian truncation of the Schwarzschild metric
is not justified by any serious theoretical arguments. It
should be seen as an effective metric encoding possible
cumulative quantum effects outside the horizon. In
addition it has the advantage not to shift the event
horizon position. By varying the parameters A,µ, σ,
one can explore different shapes and positions for the
“quantum bump”. In the following, we shall quantify
the displacement of the real and imaginary parts of the
QNMs as a function of the parameters (µ and σ are
expressed in units of M).
The complex frequencies are displayed in Fig. 1. The
black dots correspond to the general relativistic case
whereas the blue ones, on the right, correspond to the
considered modified case with µ = (7/6)RS , A = 0.01,
and σ/M = 1.5.
In Fig. 2, the relative displacement of the real part
of the quasinormal mode (` = 8, n = 0) is displayed as
a function of µ and σ for A = 0.01. The trend does
not radically depend on the specific mode chosen. We
have therefore plotted here a quite high multipolar
number as the WKB approximation is more reliable in
this case. Interestingly – but not that surprisingly – it
appears that the maximum displacement is obtained for
µ ≈ 3M . In the limit of very large l, the value tends
exactly to 3M , which corresponds to the photon sphere
and to the maximum of the potential. We have also
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FIG. 2. Relative displacement of the real part of the
quasinormal mode (` = 8, n = 0) as a function of µ and
σ for A = 0.01.
considered in this figure a case where the maximum of
the quantum correction is inside the horizon. Then,
only the “tail” of the Gaussian does affect the external
spacetime. Even if the effect is smaller, it is still clearly
non-vanishing. Interestingly the 2-dimensional surface is
actually an ensemble of Gaussian functions whose width
on the µ axis happens to be (non trivially) equal to the
considered value of σ.
In Fig. 3, the relative displacement of the imaginary
part of the quasinormal mode (` = 8, n = 0) is displayed
as a function of µ and σ for A = 0.01. For quite low
values of σ, the displacement can be either positive
or negative for different values of µ. This means that
depending on its position the “metric bump” can either
increase on decrease the damping of gravitational waves.
Finally, Fig. 4 shows the influence of the sign of the
parameter A. The displacement is basically symmetrical.
For most of the considered parameter space, the dis-
placement of the real part – that is of the frequency – is of
the same order than the one of the imaginary part – that
is of the damping time. The easiest effect to measure is
probably a frequency shift which happens to be always
positive. Quite obviously, when the metric perturbation
is very wide, its precise position looses any notable influ-
ence.
OBSERVABILITY
Although gravitational waves have been “detected”
decades ago thanks to the Hulse-Taylor binary pulsar,
the recent LIGO-Virgo detections (see [33] for the semi-
nal paper and [34] for a first catalogue) have completely
changed the game. Real astrophysical objects have spin
and a modified Kerr solution should be considered, which
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FIG. 3. Relative displacement of the imaginary part of
the quasinormal mode (` = 8, n = 0) as a function of µ
and σ for A = 0.01.
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FIG. 4. Relative displacement of the real part of the
quasinormal mode (` = 8, n = 0) as a function of µ and
σ for A = 0.01 (upper curve at µ = 3) and A = −0.01.
is far beyond this prospective study. However, the global
trends are expected to be the same and the orders of
magnitude of the effects should be correct. Surprisingly,
the very first event measured, GW150914, has already
led to a detection of the fundamental quasinormal mode.
It is not obvious to determine precisely the accuracy at
which the characteristics of the QNMs are constrained
by the current measurements. A relative accuracy of 50
% is a conservative estimate. In the future, the Einstein
Telescope (ET) should lead to a one order of magnitude
better precision [35].
The most important parameter for this study is obvi-
ously the constant A which determines the amplitude of
the correction. We have checked that the displacement
of the QNMs complex frequency is linear as a function
of A over the interesting range. In Fig. 5, we plot
the slope of the real part of the QNM displacement
versus A (i.e. the x parameter of Re(∆ω/ω) = xA) as
a function of `, for σ/M = 1.5. The different curves
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FIG. 5. Slope x of the real part of the quasinormal
modes (n = 0) relative frequency evolution as a function
of A for σ/M = 1.5. The different curves correspond to
different values of µ.
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FIG. 6. Slope y of the imaginary part of the
quasinormal modes (n = 0) relative frequency evolution
as a function of A for σ/M = 1.5. The different curves
correspond to different values of µ.
correspond to different values of the position µ of the
quantum bump. In Fig. 6, the very same thing is
represented for the imaginary part of the QNM (i.e.
the y parameter of Im(∆ω/ω) = yA). In Fig. 7
and Fig. 8, the value σ/M = 4 is instead chosen. It
should be pointed out that in some cases the lowest
values of ` are not displayed as the WKB approximation
breaks down and calculations could therefore be dubious.
Let us now get an order of magnitude of how those
estimates relate to the toy model previously considered.
As the x and y slopes are of order one, and as the relative
displacement that could be measured is also of order one,
this means that the A parameter has to be of order unity
so that the kind of quantum gravity effects studied here
could be measured. If A is assumed to be roughly com-
parable to the “quantumness” q introduced in the second
section, one is led to the conclusion that q should be of
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FIG. 7. Slope x of the real part of the quasinormal
modes (n = 0) relative frequency evolution as a function
of A for σ/M = 4. The different curves correspond to
different values of µ.
order one. It is easy to check that
qmax =
(
3
7
)3√
1
7
t
M2
. (8)
If one sets t to be the age of the Universe, the mass
value required so that the quantum gravity effects can
be observed is of the order of 10−8 (or less) solar mass,
that is roughly the mass of the Moon. Although far
smaller than the mass of stellar black holes, this value is
not ridiculously small and way higher than the Planck
mass. An important property of the QNMs lies in the
fact that the relevant value is the one of Mω: it is the
product of the mass by the frequency that has a given
(complex) value. The characteristics of the QNMs of a
lighter BH are exactly the same than those of a heavier
one, they are simply shifted to higher frequencies by the
mass ratio. Some quantum corrections might explicitly
break this scaling law. This is the case of the Hayward
metric considered below.
It should first be pointed out that the work presented
here aims at being quite generic and is not directly linked
with the proposal [14]. The plots previously shown can be
used to get an estimate of the QNMs displacement for any
model with a roughly gaussian modification to the met-
ric. In addition, and very speculatively, it could be ar-
gued that the maximum possible time to be used to eval-
uate the mass (the higher the time, the higher the mass)
is not necessarily bounded by the age of the Universe:
in quantum gravity a “bounce” is possible [36] and black
holes could survive during this bounce [37]. In principe
it is therefore conceivable that a time much larger than
the inverse Hubble parameter could used [38, 39], leading
to measurable quantum gravity effects in QNMs at much
higher masses
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FIG. 8. Slope y of the imaginary part of the
quasinormal modes (n = 0) relative frequency evolution
as a function of A for σ/M = 4. The different curves
correspond to different values of µ.
THE HAYWARD METRIC
Recently, an effective metric for Planck stars [13] has
been proposed in [40]. The idea is to cure two usual in-
consistencies of most metrics: the absence of a correct
treatment of the time dilatation between the center and
infinity and the failure to reproduce 1-loop quantum cor-
rections (as calculated e.g. in [41]). As a step in this
direction, the authors make use of the Hayward metric
(revived in a quantum gravity context [42]):
F (r) = 1− 2m(r)
r
. (9)
Several proposals were made for the function m(r). We
consider here the original version [43] where
m(r) =
M r3
r3 + 2ML2
, (10)
where L has the dimensions of a length. We consider
only the case where L < 4
3
√
3
M , otherwise there is no
horizon. We have investigated the displacement of QNMs
as a function of L – which intuitively quantifies the scale
of “quantumness” – for a given mass. As expected, the
minimal required value of L, for a given relative QNM
move, is proportional to M . If we require (∆ωω ) to be of
the order of a few percent (that is in the ET sensitivity
range), the minimum value of L is of the order of 0.7
mass units. More specifically (∆ωω ) ∼ 5% is achieved
for L/M ∼ 0.72. For a macroscopic BH, this is much
larger than the Planck length and this means that in
such approaches the quantum modifications would need
to be extending substantially beyond the usually assumed
length scale.
6CONCLUSION AND PROSPECTS
We have shown that if quantum gravity effects leak
outside the horizon of a Schwarzschild black hole, the
quasinormal modes can – as expected – be substantially
modified. Using a gaussian truncation of the metric
structure, we have studied the influence of all the
parameters describing the perturbations. In particular,
we have quantified the amplitude of the quantum bump
required for observation. Using a toy-model, we have
translated the derived values into an upper limit on the
mass leading to observable effects.
In the future, this approach should be refined by
considering a rotating black hole. It would also be
important to estimate de possible degeneracies: could
the change in frequency and damping rate mimic a usual
BH of different mass and spin?
Finally, it would be welcome to consider more realistic
metrics based on heuristic quantum gravity arguments,
in particular based either on loop quantum gravity black
holes (see [44] for a review) of on string black holes (see
[9] for interesting new ideas).
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